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Electric and magnetic currents in SU(2) lattice gauge theory∗
M.N. Chernoduba, F.V. Gubareva, M.I. Polikarpova
a ITEP, B.Cheremushkinskaya 25, Moscow, 117259, Russia
The correlations of the topological charge (Q), the electric (Je) and the magnetic (Jm) currents in the SU(2)
lattice gauge theory in the Maximal Abelian projection are investigated. A nonzero value of the correlator
< QJeJm > is obtained for a wide range of values of the bare charge, as well as under the cooling.
1. INTRODUCTION
An oldest and rather popular model of the
QCD vacuum is the instanton–anti-instanton me-
dia (see [1] and the references therein). It is
not clear however, whether it possible to ex-
plain the confinement phenomenon within this
approach [4], [2].
On the other hand, the method of abelian pro-
jections [5] is widely used in numerical calcula-
tions to study the confinement mechanism. It
is clearly seen [3] that the vacuum of the lattice
gluodynamics behaves like a dual superconductor
in the so-called Maximal Abelian (MaA) projec-
tion [11,12]. There are clear indications that abe-
lian monopoles are condensed in the confinement
phase of lattice gluodynamics [13].
It occurs that instanton-like configurations and
monopoles in the MaA gauge are interrelated [6].
The relation between monopoles and instantons
has been established analytically in [7], [8] and
numerically in [10].
In the field of a single instanton the monopole
currents in the MaA projection are accompanied
by electric currents [9]. The qualitative explana-
tion of this fact is simple. Consider the (anti)self-
dual configuration
Fµν(A) = ±
∗Fµν(A) . (1)
The MaA projection is defined [11] by the
minimization of the functional R[AΩ(x)] over
the gauge transformations Ω(x), R[A] =∫
d4x[(A1µ)
2 + (A2µ)
2], so that in the MaA gauge
one can expect the abelian component of the com-
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mutator term 1/2Tr(σ3[Aµ, Aν ]) = ε
3abAaµA
b
ν to
be small compared with the abelian field-strength
fµν(A) = ∂[µA
3
ν]. Therefore, in the MaA projec-
tion eq.(1) yields
fµν(A) ≈ ±
∗fµν(A) . (2)
Due to eq.(2), the monopole currents have to be
correlated with the electric ones since
Jeµ = ∂νfµν(A) ≈ ±∂ν
∗fµν(A) = J
m
µ . (3)
In the present publication we study the correla-
tion of electric and magnetic currents in the real
vacuum of the SU(2) lattice gluodynamics.
2. MAGNETIC AND ELECTRIC CUR-
RENTS IN THE ABELIAN PROJEC-
TION OF THE SU(2) LATTICE GLU-
ODYNAMICS
The abelian monopoles exist in the abelian pro-
jection, since the residual U(1) group is compact.
The definition of the abelian monopole current
is [14]:
Jmµ (y) =
1
4pi
∑
νλρ
εµνλρ[θ¯λρ(x+ µˆ)− θ¯λρ(x)]. (4)
Here the angle θ¯µν is the normalized plaquette
angle θµν = θ¯µν + 2pikµν ; kµν is an integer such
that θ¯µν ∈ (−pi;pi]. The monopole currents are
quantized (Jmµ ∈ ZZ) and conserved (∂µJ
m
µ = 0).
They are attached to the links of the dual lattice,
the link (y, µ) is dual to the cube (x, νλρ).
The electric current is defined as
Jeµ(x) =
1
2pi
∑
ν
[θ¯µν(x)− θ¯µν(x− νˆ)]. (5)
2In the continuum limit, the definitions (4) and (5)
correspond to the usual ones: Jmµ = ∂ν
∗fµν ;
Jeµ = ∂νfµν . The electric currents are conserved
(∂µJ
e
µ = 0) and attached to the links of the orig-
inal lattice. Electric currents are not quantized.
In order to calculate the correlators of the type
<Jeµ(x)J
m
µ (x)...> one has to define the electric
current on the dual lattice or the magnetic cur-
rent on the original lattice. We define the electric
current on the dual lattice in the following way:
Jeµ(y) =
1
16
∑
x∈∗C(y,µ)
[
Jeµ(x) + J
e
µ(x − µˆ)
]
. (6)
Here, the summation in r.h.s. is over eight ver-
tices x of the 3-dimensional cube ∗C(y, µ), to
which the current Jeµ(y) is dual. The point y lies
on the dual lattice and the points x lie on the
original one.
For the topological charge density operator we
use the simplest definition:
Q(x) =
1
29pi2
4∑
µ1,...,µ4=−4
εµ1,...,µ4Tr[Uµ1,µ2(x)Uµ3,µ4(x)], (7)
where Uµ1,µ2 is the plaquette matrix. On the dual
lattice the topological charge density correspond-
ing to the monopole current Jmµ (y) is defined by
taking the average over the eight sites nearest to
the current Jmµ (y):
Q(y) =
1
8
∑
x
Q(x) (8)
The simplest (connected) correlator of electric
and magnetic currents is
<< Jmµ J
e
µ >> = <J
m
µ J
e
µ>
− <Jmµ ><J
e
µ>≡<J
m
µ J
e
µ> . (9)
This correlator is equal to zero, since Jmµ and J
e
µ
have opposite parities. A scalar quantity can be
constructed if we multiply Jmµ J
e
µ by the density
of topological charge. The corresponding irre-
ducible correlator
<< Jmµ J
e
µQ >>≡<J
m
µ J
e
µQ> (10)
is nonzero for the vacuum consisting of (anti-)self-
dual domains (cf. eq. (3)).
3. NUMERICAL RESULTS
The SU(2) lattice gauge theory was considered
on the 84 lattice with the Wilson action. At each
value of β we thermalize lattice fields using the
standard heat bath algorithm. We calculate the
correlators <Jmµ (y)J
e
µ(y)>, <J
m
µ (y)J
e
µ(y)Q(y)>,
using 100 statistically independent configurations
at each value of β.
These correlators strongly depend on β and it is
convenient to normalize them, dividing by ρmρe.
Here ρm and ρe are the monopole and the electric
current densities:
ρm(e) =
1
4V
∑
l
|J
m(e)
l |, (11)
V is the lattice volume (the total number of sites).
Figure 1. Correlators <JmJeQ>/ρmρe and
<JmJeq>/ρmρe as a function of β.
The correlators < JmJeQ > /ρmρe and <
JmJeq >/ρmρe (q(y) = Q(y)/|Q(y)|) are rep-
resented in Fig.1. As one can see from Fig. 1,
the product of the electric and the magnetic cur-
rents is correlated with the topological charge.
3Numerical simulations show that this correlation
increases under the cooling. The last fact is in
agreement with the results of [9]: the cooled vac-
uum is populated by instantons which induce the
electric charge to the abelian monopoles.
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